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1. 1. problemin çözümü

(a) Oyun formel olarak şöyle yazılabilir:

Eylem uzayı: A1 = {X, Y, Z}, A2 = {L,R}
Tip uzayı: T1 = {t1}, T2 = {θ = −1, θ = 1}
Inanışlar: p(θ = 1 : t1) = p(θ = −1 : t1) = 1/2, p(t1 : θ1) = p(t1 : θ2) = 1

Son olarak, iki oyuncu için kazançlar altta verilmiştir:

u1(X,L; θ = −1, t1) = 3 ve u2(X,L; θ = −1, t1) = −1

u1(Y, L; θ = −1, t1) = 2 ve u2(Y, L; θ = −1, t1) = −2

u1(Z,L; θ = −1, t1) = 0 ve u2(Z,L; θ = −1, t1) = 0

u1(X,R; θ = −1, t1) = 0 ve u2(X,R; θ = −1, t1) = 0

u1(Y,R; θ = −1, t1) = 2 ve u2(Y,R; θ = −1, t1) = −1

u1(Z,R; θ = −1, t1) = 3 ve u2(Z,R; θ = −1, t1) = 1

u1(X,L; θ = 1, t1) = 3 ve u2(X,L; θ = 1, t1) = 1

u1(Y, L; θ = 1, t1) = 2 ve u2(Y, L; θ = 1, t1) = 2

u1(Z,L; θ = 1, t1) = 0 ve u2(Z,L; θ = 1, t1) = 0

u1(X,R; θ = 1, t1) = 0 ve u2(X,R; θ = 1, t1) = 0

u1(Y,R; θ = 1, t1) = 2 ve u2(Y,R; θ = 1, t1) = 1

u1(Z,R; θ = 1, t1) = 3 ve u2(Z,R; θ = 1, t1) = −1

(b) 2. oyuncuyla başlarsak, θ = −1 tipi için, R L’yi kesin domine eder,

dolayısıyla s2(θ = −1) = R. θ = 1 için, L R’yi kesin domine eder ve
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dolayısıyla, s2(θ = 1) = L. 1. oyuncu 1/2 olasılıkla 2. oyuncunun tipinin

θ = −1 olduğunu ve R oynayacağını ve 1/2 olasılıkla da 2. oyuncunun

tipinin θ = 1 olduğunu ve L oynayacağını öngörür. Dolayısıyla, beklenen

değeri alttaki şekildedir:

14.12 Game Theory
Muhamet Yildiz
Fall 2005

Solution to Homework 5

1. Answer to Problem 1

(a) The game can be written formally as follows:

Actions space:A1 = {X,Y,Z}, A2 = {L,R}
Types space: T1 = {t1}, T2 = {θ = −1, θ = 1}
Beliefs: p(θ = 1|t1) = p(θ = −1|t1) = 1/2 and p(t1|θ1) = p(t1|θ2) =
1

Finally, the payoffs for the two players are given by:

u1(X,L; θ = −1, t1) = 3 and u2(X,L; θ = −1, t1) = −1

u1(Y,L; θ = −1, t1) = 2 and u2(Y,L; θ = −1, t1) = −2

u1(Z,L; θ = −1, t1) = 0 and u2(Z,L; θ = −1, t1) = 0

u1(X,R; θ = −1, t1) = 0 and u2(X,R; θ = −1, t1) = 0

u1(Y,R; θ = −1, t1) = 2 and u2(Y,R; θ = −1, t1) = −1

u1(Z,R; θ = −1, t1) = 3 and u2(Z,R; θ = −1, t1) = 1

u1(X,L; θ = 1, t1) = 3 and u2(X,L; θ = 1, t1) = 1

u1(Y,L; θ = 1, t1) = 2 and u2(Y,L; θ = 1, t1) = 2

u1(Z,L; θ = 1, t1) = 0 and u2(Z,L; θ = 1, t1) = 0

u1(X,R; θ = 1, t1) = 0 and u2(X,R; θ = 1, t1) = 0

u1(Y,R; θ = 1, t1) = 2 and u2(Y,R; θ = 1, t1) = 1

u1(Z,R; θ = 1, t1) = 3 and u2(Z,R; θ = 1, t1) = −1

(b) Starting with player 2, for type θ = −1 R strictly dominates L and
thus s2(θ = −1) = R. For type θ = 1, playing L strictly dominates
R and thus s2(θ = 1) = L. Player 1 anticipates that with probability
1/2 player 2 is type θ = −1 and will play R and that with probability
1/2 player 2 is type θ = 1 and will play L. Therefore, his expected
payoffs are given by:

E(U1(X)) = 1/2∗U1(X,R)+1/2∗U1(X,L) = 1/2∗0+1/2∗3 = 3/2

E(U1(y)) = 1/2 ∗ U1(Y,R) + 1/2 ∗ U1(Y,L) = 1/2 ∗ 2 + 1/2 ∗ 2 = 2

E(U1(Z)) = 1/2 ∗U1(Z,R)+1/2 ∗U1(Z,L) = 1/2 ∗ 3+1/2 ∗ 0 = 3/2

Therefore, the optimal strategy for player 1 is to play Y.

Thus, the Bayesian Nash equilibrium is given by (s1 = y, s2(θ =
−1) = R, s2(θ = 1) = L).
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Dolayısıyla, 1. oyuncu için optimal strateji Y oynamaktır. Dolayısıyla,

Bayezyen Nash dengesi (s1 = Y, s2(θ = −1) = R, s2(θ = 1) = L)’dir.

i. Eğer θ = −1 ortak bilgi ise, kazançlar tablosui. If it is common knowledge that θ = −1, the payoff matrix is
given by:

L R
X 3,−1 0, 0
Y 2,−2 2,−1
Z 0, 0 3, 1

By inspection we can verify that the Nash equilibrium is (Z,R).

ii. If it is common knowledge that θ = 1, the payoff matrix is given
by:

L R
X 3, 1 0, 0
Y 2, 2 2, 1
Z 0, 0 3,−1

By inspection we can verify that the Nash equilibrium is (X,L).

2. Answer to Problem 2

(a) The game can be written formally as

G = {A1, .., An;T1, .., Tn; p1, .., pn;u1, .., un}

where Ai = [0,∞) denotes the action space of player i,

Ti = {1, 2} is the type space of player i,

pi (t−i|ti) = 21−n for each t−i ∈ T1 ×T2..Ti−1 ×Ti+1 × ..Tn, describes
the beliefs of player i,

and ui(x1, x2..xn; ti) = θixi − xi

∑n
j=1 xj is the payoff of player i.

(b) Denote by xj (θj) the strategy adopted by each player j %= i. Then
the expected payoff to player i from transmitting xi units of data
equals

E


θixi − xi

n∑

j=1

xj (θj)




= θixi − xi

n∑

j=1

Exj (θj)

Then the marginal gain from transmitting an additional unit of data
equals

d

dxi


θixi − xi

n∑

j=1

Exj (θj)




= θi − 2xi −
∑

j "=i

Exj (θj) (1)

This expression is larger for θi = 2 for any value of xi. Therefore, in
equilibrium, the higher θ type should choose a (weakly) higher value
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şeklindedir. Nash dengesi (Z,R)’dir.

ii. Eğer θ = 1 ortak bilgi ise, kazançlar tablosu

i. If it is common knowledge that θ = −1, the payoff matrix is
given by:

L R
X 3,−1 0, 0
Y 2,−2 2,−1
Z 0, 0 3, 1

By inspection we can verify that the Nash equilibrium is (Z,R).

ii. If it is common knowledge that θ = 1, the payoff matrix is given
by:

L R
X 3, 1 0, 0
Y 2, 2 2, 1
Z 0, 0 3,−1

By inspection we can verify that the Nash equilibrium is (X,L).

2. Answer to Problem 2

(a) The game can be written formally as

G = {A1, .., An;T1, .., Tn; p1, .., pn;u1, .., un}

where Ai = [0,∞) denotes the action space of player i,

Ti = {1, 2} is the type space of player i,

pi (t−i|ti) = 21−n for each t−i ∈ T1 ×T2..Ti−1 ×Ti+1 × ..Tn, describes
the beliefs of player i,

and ui(x1, x2..xn; ti) = θixi − xi

∑n
j=1 xj is the payoff of player i.

(b) Denote by xj (θj) the strategy adopted by each player j %= i. Then
the expected payoff to player i from transmitting xi units of data
equals

E


θixi − xi

n∑

j=1

xj (θj)




= θixi − xi

n∑

j=1

Exj (θj)

Then the marginal gain from transmitting an additional unit of data
equals

d

dxi


θixi − xi

n∑

j=1

Exj (θj)




= θi − 2xi −
∑

j "=i

Exj (θj) (1)

This expression is larger for θi = 2 for any value of xi. Therefore, in
equilibrium, the higher θ type should choose a (weakly) higher value
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şeklindedir. Nash dengesi (X,L)’dir.

2. 2. problemin çözümü

(a) Oyun formel olarak şöyle yazılabilir:

G = {A1, ..., An;T1, ..., Tn; p1, ..., pn;u1, ..., un}
öyle ki, Ai = [0,∞), i oyuncusunun eylem uzayını,

Ti = {1, 2}, i oyuncusunun tip uzayını,

pi(t−i : ti) = 21−n, her t−i ∈ T1 × T2 × ... × Ti−1 × Ti+1 × ... × Tn için, i

oyuncusunun inanışlarını,

ve ui(x1, x2, ..., xn; ti) = θixi−xi
∑n

j=1 xj da i oyuncusunun kazanç fonksiy-

onunu temsil eder.
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(b) Her j 6= i oyuncusunun kullandığı stratejiye xk(θj) diyelim. O zaman, i

oyuncusunun xi kadar veri yollamasından elde edeceği beklenen kazanç

i. If it is common knowledge that θ = −1, the payoff matrix is
given by:

L R
X 3,−1 0, 0
Y 2,−2 2,−1
Z 0, 0 3, 1

By inspection we can verify that the Nash equilibrium is (Z,R).

ii. If it is common knowledge that θ = 1, the payoff matrix is given
by:

L R
X 3, 1 0, 0
Y 2, 2 2, 1
Z 0, 0 3,−1

By inspection we can verify that the Nash equilibrium is (X,L).

2. Answer to Problem 2

(a) The game can be written formally as

G = {A1, .., An;T1, .., Tn; p1, .., pn;u1, .., un}

where Ai = [0,∞) denotes the action space of player i,

Ti = {1, 2} is the type space of player i,

pi (t−i|ti) = 21−n for each t−i ∈ T1 ×T2..Ti−1 ×Ti+1 × ..Tn, describes
the beliefs of player i,

and ui(x1, x2..xn; ti) = θixi − xi

∑n
j=1 xj is the payoff of player i.

(b) Denote by xj (θj) the strategy adopted by each player j %= i. Then
the expected payoff to player i from transmitting xi units of data
equals

E


θixi − xi

n∑

j=1

xj (θj)




= θixi − xi

n∑

j=1

Exj (θj)

Then the marginal gain from transmitting an additional unit of data
equals

d

dxi


θixi − xi

n∑

j=1

Exj (θj)




= θi − 2xi −
∑

j "=i

Exj (θj) (1)

This expression is larger for θi = 2 for any value of xi. Therefore, in
equilibrium, the higher θ type should choose a (weakly) higher value
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idir. O zaman, bir birim veri daha yollamanın marjinal kazancı

i. If it is common knowledge that θ = −1, the payoff matrix is
given by:

L R
X 3,−1 0, 0
Y 2,−2 2,−1
Z 0, 0 3, 1

By inspection we can verify that the Nash equilibrium is (Z,R).

ii. If it is common knowledge that θ = 1, the payoff matrix is given
by:

L R
X 3, 1 0, 0
Y 2, 2 2, 1
Z 0, 0 3,−1

By inspection we can verify that the Nash equilibrium is (X,L).

2. Answer to Problem 2

(a) The game can be written formally as

G = {A1, .., An;T1, .., Tn; p1, .., pn;u1, .., un}

where Ai = [0,∞) denotes the action space of player i,

Ti = {1, 2} is the type space of player i,

pi (t−i|ti) = 21−n for each t−i ∈ T1 ×T2..Ti−1 ×Ti+1 × ..Tn, describes
the beliefs of player i,

and ui(x1, x2..xn; ti) = θixi − xi

∑n
j=1 xj is the payoff of player i.

(b) Denote by xj (θj) the strategy adopted by each player j %= i. Then
the expected payoff to player i from transmitting xi units of data
equals

E


θixi − xi

n∑

j=1

xj (θj)




= θixi − xi

n∑

j=1

Exj (θj)

Then the marginal gain from transmitting an additional unit of data
equals

d

dxi


θixi − xi

n∑

j=1

Exj (θj)




= θi − 2xi −
∑

j "=i

Exj (θj) (1)

This expression is larger for θi = 2 for any value of xi. Therefore, in
equilibrium, the higher θ type should choose a (weakly) higher value
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idir. Bu, xi’nin tüm değerleri için, θi = 2 için daha büyüktür. Dolayısıyla,

dengede, daha yüksek θ’lı bir tip daha yüksek (veya eşit) bir xi seçmeli.

Dolayısıyla, altta vereceğimiz stratejilerin bir simetrik Bayezyen Nash

dengesi olduğunu iddia ediyoruz. xj(1) = 0, xj(2) = y > 0, for j =

1, ..., n. Bunun denge olabilmesi için, θi = 2 için, her j 6= i için, xj(1) = 0,

xj(2) = y olduğunda, xi = y’de bir birim daha veri yollamanın marjinal

getirisi 0 olmalı; yani,

of xi. Therefore, we conjecture that the following is a symmetric
BNE. xj (1) = 0, xj (2) = y > 0, for j = 1..n.

For this to be an equilibrium, the marginal gain from transmitting
data should be zero at xi = y for θi = 2 when xj (1) = 0, xj (2) = y
for each j != i; i.e.

2 − 2y −
∑

j !=i

[
1

2
0 +

1

2
y

]
= 0

=⇒ y =
4

n + 3

We also require that the marginal gain from transmitting data should
be smaller than or equal to zero at xi = 0 for θi = 1 when xj (1) = 0,
xj (2) = y for each j != i; i.e.

1 − 2.0 −
∑

j !=i

[
1

2
0 +

1

2
y

]
≤ 0

=⇒ 0 + (n − 1)
y

2
≥ 1

Substituting with y = 4
n+3 , we obtain

⇐⇒ 2
(n − 1)

(n + 3)
≥ 1

⇐⇒ n ≥ 5

Therefore, if n ≥ 5 we have a symmetric BNE in which each student
sends no data if θ = 1 and 4

n+3 units of data if θ = 2.
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Aynı zamanda, θi = 1 için, her j 6= i için, xj(1) = 0, xj(2) = y olduğunda,

xi = 0’de bir birim daha veri yollamanın marjinal getirisi sıfırdan küçük

eşit olmalı; yani,
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of xi. Therefore, we conjecture that the following is a symmetric
BNE. xj (1) = 0, xj (2) = y > 0, for j = 1..n.

For this to be an equilibrium, the marginal gain from transmitting
data should be zero at xi = y for θi = 2 when xj (1) = 0, xj (2) = y
for each j != i; i.e.

2 − 2y −
∑

j !=i

[
1

2
0 +

1

2
y

]
= 0

=⇒ y =
4

n + 3

We also require that the marginal gain from transmitting data should
be smaller than or equal to zero at xi = 0 for θi = 1 when xj (1) = 0,
xj (2) = y for each j != i; i.e.

1 − 2.0 −
∑

j !=i

[
1

2
0 +

1

2
y

]
≤ 0

=⇒ 0 + (n − 1)
y

2
≥ 1

Substituting with y = 4
n+3 , we obtain

⇐⇒ 2
(n − 1)

(n + 3)
≥ 1

⇐⇒ n ≥ 5

Therefore, if n ≥ 5 we have a symmetric BNE in which each student
sends no data if θ = 1 and 4

n+3 units of data if θ = 2.
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y = 4
n+3

’ü yerine koyduğumuzda,

of xi. Therefore, we conjecture that the following is a symmetric
BNE. xj (1) = 0, xj (2) = y > 0, for j = 1..n.

For this to be an equilibrium, the marginal gain from transmitting
data should be zero at xi = y for θi = 2 when xj (1) = 0, xj (2) = y
for each j != i; i.e.

2 − 2y −
∑

j !=i

[
1

2
0 +

1

2
y

]
= 0

=⇒ y =
4

n + 3

We also require that the marginal gain from transmitting data should
be smaller than or equal to zero at xi = 0 for θi = 1 when xj (1) = 0,
xj (2) = y for each j != i; i.e.

1 − 2.0 −
∑

j !=i

[
1

2
0 +

1

2
y

]
≤ 0

=⇒ 0 + (n − 1)
y

2
≥ 1

Substituting with y = 4
n+3 , we obtain

⇐⇒ 2
(n − 1)

(n + 3)
≥ 1

⇐⇒ n ≥ 5

Therefore, if n ≥ 5 we have a symmetric BNE in which each student
sends no data if θ = 1 and 4

n+3 units of data if θ = 2.
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elde ediyoruz. Dolayısıyla, eğer n ≥ 5 ise, her öğrencinin, θ = 1 ise sıfır

birim ve θ = 2 ise de 4
n+3

birim veri yolladığı bir Bayezyen Nash dengesi

bulmuş olduk.
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