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 !" #$%&'( ()*+'*%

 !"#$ %&'%'%' K" #$%&$' () *) +)%,)-.+ /)(.')% 01/,121 #3/4$%/12 5$ X +67

,$/1 K 01/,1 68$%12*$ 91% 5$+43% :8)(. ;'/:2< =-)>.*)+1 38$''1+'$%$ /)?1@ 91%

p : X → R

A;2+/1(;2:2)" X 5$+43% :8)(. 68$%12*$ 91% ()%.72;%, *$21'1%B

C$% x, y ∈ X 5$ ?$% α ∈ K 1&12

DEFG p(x+ y) ≤ p(x) + p(y) H)'474;@'),/)''.+I

DE G p(αx) = |α| p(x) H@;8141A7?;,;J$2'1+I

K>$% 9: 1+1/12$ $+ ;')%)+

DELG x 6= 0⇒ p(x) 6= 0

38$''1>1 *$ /)>')2.(;%/)" p A;2+/1(;2:2) X 5$+43% :8)(. 68$%12*$ 91%  !"#$%" "

*$21'1%<

(")*$) %&'%'%' &'(" p )! *+,-! % X .(*/0" %12-3 41(", $( 5," -2"36 !"#

,+( 272'3$2*, 01(88,*8(" +2'82 3"9

H)I p(0) = 0

H9I | p(x)− p(y) | ≤ p(x− y)

H0I p(x) ≥ 0

H*I {x : p(x) = 0} +6,$/1 X :8)(.2.2 91% )'4 5$+43% :8)(.*.%

H$I B = {x : p(x) < 1} +6,$/1 *.-96+$(*1%<

 !"#$%

H)IB [N2] *$ α = 0 )',)+ ($4$%<

H9IB [N1] *$2 p(x) = p(x− y + y) ≤ p(x− y) + p(y) ()8)91'1%18< M: 1/$"

p(x)− p(y) ≤ p(x− y)
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"#$#%&'() *+,- '.'/ x '0# y ,', +#(0#(',' "#1'.&'(#(#% +232(42%

p(y)− p(x) ≤ p(y − x)

5-%2() [N2] 6+2(-,72 p(x − y) = p(y − x) 80"616,"2,/ +6%2(-"2%' '%'

#.'&4'90'%&#,

|p(x)− p(y)| ≤ p(x− y)

+29-02:'0'()

;7<= y = 0 20-,-(42 (b) "#, 5-%2()

;"<= p(x) = p(y) = 0 ># α, β ∈ K '4#/ (c) "#,

0 ≤ p(αx+ βy) ≤ |α|p(x) + |β|p(y) = 0

806(/ %' :6 {x : p(x) = 0} %?$#4',', :'( 20&@>#%&A( 692+- 80$24- "#$#%@

&'()

;#<= x, y ∈ B ># 0 < α < 1 '4#

p(αx+ (1− α)y) ≤ αp(x) + (1− α)p(y) < 1

5-%2() B802+-4-+02/ B %?$#4' "-.:?%#+ 806()

 !"#$ %&'%'(' C9#(',"# :'( ,8($ &2,-$02,$-. D#( D2,E' :'( >#%&A( 692+-,2

 !"#$% #&' :'( 692+/ "#,'0'()

F'( >#%&A( 692+- ?9#(',"#%' :'( ,8($6/ 5816 %#9/ ‖ ‖ 4'$E#4'+0# EA4&#(#7#@

1'9) F6,2 EA(# ,8($ G8,%4'+8,6

x→ ‖x‖

80272%&-() F6 ,8($ '0# ,8($02,$-. :'( X >#%&A( 692+-,- (X, ‖‖) 4'$E#4'+0#

:#0'(&#7#1'9)

*.21-"2%' A(,#%0#(/ n@:8+606 ;n ≥ 1< E#(5#0 Rn
+2 "2 %2($2.-% C

n
H%0'&

692+-,"2 &2,-$02,2, :29- ,8($02("-()

)*"+, %&'%'%' I#( x ∈ R 42+-4-,-, 420& "#1#(',' |x| '0# EA4&#(#0'$) R E#(5#0

42+-02( %?$#4' R 7'4$' ?9#(',"# :'( >#%&A( 692+-"-(/ >#

x→ |x| ;!J)!<

G8,%4'+8,6 R >#%&A( 692+- ?9#(',"# :'( ,8($"6()
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 !"#$ %&'%'(' !"# z ∈ C $%#&%'($ )%*()(+(+ )%,- ."/"#0+0 |z| 0," 12)-"#",0&3

C $%#&%'($ )%*(,%# $4&")0 C 50)&0 46"#0+." 70# 8"$-2# 96%*(.(# 8"

z → |z| :;<3 =

>?+$)0*?+9 C 8"$-2# 96%*( 46"#0+." 70# +?#&.9#3

 !"#$ %&'%')' !"# x = (x1, x2, . . . , xn) ∈ R
n
0@0+

x→ ‖x‖1 =
n
∑

i=1

|xi| :;<3A=

.0*" -%+(&,%+%+ .2+4'4& R
n
46"#0+." 70# +?#&.9#3 B"#@"$-"+ 79 .2+4'4C

&4+ DE,F G DE F 8" DEAF %$)0*?&,%#(+( )%/,%.(/( $?,%*5% 12#4,4#3

 !"#$ %&'%'*' !"# z = (z1, z2, . . . , zn) ∈ C
n
0@0+

z → ‖z‖1 =
n
∑

i=1

|zi| :;<3H=

.0*" -%+(&,%+%+ .2+4'4& C
n
46"#0+." 70# +?#&.9#3 I9+9+ 0)J%-( .% *9$%C

#(.%$0+" 7"+6"#3

 !"#$ %&'%'+' !"# x = (x1, x2, . . . , xn) ∈ R
n
0@0+

x→ ‖x‖max = max
{

|xi| : (1 ≤ i ≤ n)
}

:;<3K=

.0*" -%+(&,%+%+ .2+4'4& R
n
46"#0+." 70# +?#&.9#3 : E"."+L =3

 !"#$ %&'%',' !"# z = (z1, z2, . . . , zn) ∈ C
n
0@0+

z → ‖z‖max = max
{

|zi| : (1 ≤ i ≤ n)
}

:;<3M=

.0*" -%+(&,%+%+ .2+4'4& C
n
46"#0+." 70# +?#&.9#3 : E"."+L =3

nC7?*9-,9 (n ≥ 1) 1"#@", R
n
8" $%#&%'($ C

n
N$,0- 96%*,%#( 46"#0+."

-%+(&,%+%+ 2+"&,0 +?#&,%#.%+ 70#0)0 '9.9#O

-."/0 %&'%')' R
n
*% .% C

n (n ≥ 1) 96%*(+% %0- 70# u = (u1, u2, ..., un)
8"$-2#4+4+  !"#$ %&%'"%(% %'%/(.%$0 7%/(+-( 0," -%+(&,%+(#O
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u→ ‖u‖2 =

(

n
∑

i=1

|ui|
2

)
1

2

"#$%$&

'()*  !"#$ %&'() +,)-.% /,.0,12,) u → ‖u‖2 34)15-64)()() R
n
7, C

n

7,128. (9*6:*.; <9,.-)+, =-.,. )4.> 4:+(?()( -5@*2:*>*1 -0-)A 8)B,:-1:,A *C*D

?;+*1- -1- 8),>:- ,C-25-9:-?- 4.2*6* 146*B*?;9%

 !"#$" %&'%'( "E*(BF6DGBFH*.9 IC-25-9:-?-&' R
n
*+$+ C

n
 !"#, )-+*.%+

+#, /0' x = (x1, x2, ..., xn) 10 /0' y = (y1, y2, ..., yn) 10!,2'3 #4#% +5+6.$+!#
05#,7#-"#! 7+6"+%.'8

n
∑

i=1

|xiyi| ≤ ‖x‖2 · ‖y‖2 "#$%J&

≤

(

n
∑

i=1

|xi|
2

)
1

2

·

(

n
∑

i=1

|yi|
2

)
1

2

"#$%K&

 !"#$%

a =
∑

n

i=1
|xiyi| +-6,:-> 7, λ +,?-C1,)-), L8., -1-)B- +,.,B,+,) 4:*)

Q(λ) = ‖x‖2
2
λ2 + 2aλ+ ‖y‖2

2

= λ2

n
∑

i=1

|xi|
2 + 2λ

n
∑

i=1

|xiyi|+
n
∑

i=1

|yi|
2

=
n
∑

i=1

(λ |xi|+ |yi|)
2

≥ 0

@4:-)4>()( +<C<),:->% M,. λ -0-) Q(λ) @4:-)4>() +*->* @49-2-3 +,?,.:,.

*:*=-:>,5- -0-)

∆ = (2a)2 − 4 ‖x‖2
2
· ‖y‖2

2

+-51.->-)*)2; @49-2-3 4:>*>*:;+;.% '( -5,

a2 ≤ ‖x‖2
2
· ‖y‖2

2

,C-25-9:-?-)- 7,.-.A 1- =( 54)()B(5( *.*+;?;>;9 ,C-25-9:-?, +,)12-.%
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 !"#$" %&'%'( "#$%&'()&$ *+$,)$-.$/$0' R
n
 ! "! C

n(n ≥ 1) #$%&' ()!*

 +,! !&' -./ x = (x1, x2, ..., xn) 0. -./ y = (y1, y2, ..., yn) 0.$'1/2 &3&,4 #$%&'

()(,%(5(4 236., .7&'8&)%&5&,& 8!5%!/9

‖x+ y‖
2
≤ ‖x‖

2
+ ‖y‖

2
"123140

 !"#$%

‖x+ y‖2
2
=

n
∑

i=1

|xi + yi| · |xi + yi|

≤
n
∑

i=1

|xi + yi| (|xi|+ |yi|), "5678% 8+$,)$-.$/$0

=
n
∑

i=1

|xi + yi| · |xi|+
n
∑

i=1

|xi + yi| · |yi|

≤ ‖x+ y‖
2
· ‖x‖

2
+ ‖x+ y‖

2
· ‖y‖

2
,

"9:;<=>?@<=(:A- 8+$,)$-.$/$0

= ‖x+ y‖
2
· (‖x‖

2
+ ‖y‖

2
)

6B&:A3 C$DE$F 8/8A ‖x+ y‖
2
= 0 $)8 :A:EB/BDB- 8+$,)$-.$& -:,8% G:AEBA3 */8A

‖x+ y‖
2
6= 0 $)8F G:AEB/BDB- )'% 8+$,)$-.$/$% $&$ >:%B%B ‖x+ y‖

2
$.8 HI.8A)8&F

$),8%8% +8> 6B&:A3

 #!") %&'%'&' R
n
G8 C

n(n ≥ 1) G8&,IA ;-:>.:ABF J&.$E ;-;%.;/;%: 7IA8F

%'AD.:%DB+ H$A8A ;-:>EBA3

 !"#$% K; ;-:>.:AE:% RL>8 ,:%BD.:%:%

x→ ‖x‖
2

M'%&)$>'%;%;% %'AD :&)$>'D.:AB%B ):/.:EB/B%B 7I),8A8.$D3

NO1P #$%&'()&$ 8+$,)$-.$/$%E8% =8D8% 7IA5.5A3
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"# $

‖x‖2 =

(

n
∑

i=1

|αxi|
2

)
1

2

= |α|

(

n
∑

i=1

|xi|
2

)
1

2

= |α| · ‖x‖2

"#%$ &'() x = (x1, x2, . . . , xn) 6= 0 *+( xi ,*-(.(/-()*/0(/ (/12 ,*)*+* +343)01/

41)5-303)6 78 08)8901 ‖x‖
2
6= 0 :-1;1'3 1<1=35>3)6

?*90* @851)3015* A)/(5-()0( n→∞ *5(/ :-8.1/ 08)898 */;(-(@(-*96

 !"#$ %&'%'(' B()*9-()* C()=(- @1 01 51)91.35 +1@3-1)01/ :-8.1/ D( >()*9E

-()*/*/ +1-> 0('()-()*/*/ >:<-193 +:/-8 :-1/ x = (x1, x2, . . . , xn, . . .) 0*2*-()*/*/
:-8.>8)08'8 5F9(@( ℓ1 821@3 0(/*-*)6 78 821@ GHI6%J /:)98/8/ +:/+82 ,:@8>1

C(/(--(.9(+*0*)6

ℓ1 =

{

(x1, x2, . . . , xn, . . .) :
∞
∑

n=1

|xn| <∞

}

GHI6HHJ

)*"+, %&'%'-' ℓ1 5F9(+*/*/ R @1 01 C ;*+9* F2()*/0( ,*) 0:')8+1- 821@

GD(5>A) 821@3J :-08'8/8 CA)9(5 5:-1@03)6 78 821@ F2()*/0(

x→ ‖x‖1 =
∞
∑

n=1

‖xn‖ GHI6H J

0*@( >1/39-1/1/ 0A/F.F9 ,*) /:)908)6 G#:)9 15+*@:9-1)3/3 +1'-1@3/326J

 !"#$ %&'%'.' B()*9-()* C()=(- @1 01 51)91.35 +1@3-1)01/ :-8.1/ D( >()*9E

-()*/*/  ! "#$#" #%& %'!'(' )%*+, %-!.* :-1/ x = (x1, x2, . . . , xn, . . .) 0*2*-()*/*/
:-8.>8)08'8 5F9(@( ℓ∞ 821@3 0(/*-*)6 78 821@ GHI6!J /:)98/8/ +:/+82 ,:E

@8>1 C(/(--(.9(+*0*)6

ℓ∞ =
{

(x1, x2, . . . , xn, . . .) : sup{|xn|, n ∈ N} <∞
}

GHI6H%J
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 !"#$ %&'%'(' ℓ∞ "#$%&'('( R )* +* C ,'&$' #-%.'(+% /'. +01.2&*3 2-*)

45%"67. 2-*)89 03+212(2 :7.$%" "03*)+8.; <2 2-*) #-%.'(+%

x→ ‖x‖∞ = sup
{

|xn| : n ∈ N
}

4=>;=?9

+')% 6*(8$3*(*( +7(#@#$ /'. (0.$+2.; 4A0.$ *"&')0$3*.8(8 &*13*)8(8-;9

)*"+, %&'%'-' B%.'$3%.' :%.C%3 )* +* "*.$*@8" &*)83*.+*( 032@*( 5% 6%.'$3%D

.'('( &*36 +%1%.3%.'('( "*.%3%.'('( 60E3*$8 &0(32 03*( /#6#( +'-'3%.'( 032@62.D

+212 2-*)* ℓ2 D2-*)8 +%('3'.; <2 2-*) 4=>;>9 F"3'6 (0.$2(2( &0(&2- /0)26*

:%(%33%$%&'+'.;

ℓ2 =







(x1, x2, . . . , xn, . . .) :

(

∞
∑

i=1

|xi|
2

)
1

2

<∞







4=>;=G9

ℓ2 "#$%&'('( C ,'&$' #-%.'(+% /'. 5%"67. 2-*)8 03+212 "03*),* :7.#3%/'3'.;

<2 2-*)H *(*3'-+% 7(%$3' .03 0)(*)*( /'.  !"#$%& '()*+,+%; ℓ2 2-*)8(+*

x→ ‖x‖2 4=>;=!9

I0("&')0(2(2( /'. (0.$ 03+212(2 :7&6%.$%" 'C'(H 7(,%3'"3%H -)'./*01./2)%(

3$ 4!567286! $9!&8!("!6"$%!5!5 (ℓ2, ‖.‖) 2-*)8(+* +* :%C%.3' 03+212(2 :7&6%.D

$%3')'-;

 "#!,# %&'%'.' J*2,K)DL,KM*.- %@'6&'-3'1' (ℓ2, ‖.‖) '()*+5,) ,) :$;$%"!,!%<

 !"#$% n → ∞ '"%( 4=>;=;?9 /*18(68&8 :%C%.3'+'.; x = (x1, x2, . . . , xn, . . .)
5% y = (y1, y2, . . . , yn, . . .) :%.C%3 )* +* "*.$*@8" 6%.'$3' '"' +'-' '&%

∞
∑

i=1

|xiyi| ≤ ‖x‖ · ‖y‖ 4=>;=>9

≤

(

∞
∑

i=1

|xi|
2

)
1

2

·

(

∞
∑

i=1

|yi|
2

)
1

2

4=>;=N9

)*-*/'3'.'-; O#("#H &*1 )*(+*"' &%.'3%.+%( /'.'&' 8.*"&8)0.&* &*1 )*( &0(&2-

03*,*18(+*( %@'6&'-3'" +01.2 032.; P1%. &*1 )*(+*"' &%.'3%.'( K%. '"'&' +% )*D

"8(&*"&*H &*1 )*( &0(32+2. 5% "8&$' 60E3*$3*. +'-'&'H K%. +01*3 n &*)8&8 'C'(

4=>;Q9 %@'6&'-3'1'(' &*13*.; R*"8(&*" &%.'('( 60E3*$8 6*(8$8(* :7.%H n → ∞
'"%( %@'6&'-3'" /0-23$*)*,*"68.; <7)3% 032@2 /'-% 4=>;=N9 %@'6&'-3'1'(' 5%.'.;
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 !"#$" %&'%'(' "#$%&'(%# )*#+(#,-#.# (ℓ2, ‖.‖)  !"#$%&" &" '()(*+,&,*-

 !"#$% x = (x1, x2, . . . , xn, . . .) /) y = (y1, y2, . . . , yn, . . .) 0)12)- 34 54 %416

74*8% +)1#7-# 9)1 94$0# #%# (&$(:, 5#,# #() 4*4.854%# ;20)$ )*#+(#,-#.# (4.-4$81<

‖x+ y‖2 ≤ ‖x‖2 + ‖y‖2 =>!?>@A

 !"#$%

(

∞
∑

i=1

|xi + yi|
2

)
1

2

≤ ‖x‖+ ‖y‖ =>!? BA

≤

(

∞
∑

i=1

|xi|
2

)
1

2

+

(

∞
∑

i=1

|yi|
2

)
1

2

=>!? >A

C;$%; =>!?>BA )*#+(#,-#.#$5) n → ∞ 34D74% 3)+)E)%+#1? F: #*G 5494 H$E)

I4:E936JE9'41, )*#+(#,-#.#$# 0)$)--)*+#1#1%)$ 34D+8.878,4 K)$,)1 5;*;$;*-)

34D8-4K#-#1?

 !"#$" %&'%')' (ℓ2, ‖.‖)  !"#$ %.*/+"%/$0 1,*  !"#&$*-

 !"#$%

x = (x1, x2, . . . , xn, . . .) ∈ ℓ2 #2#$

x→ ‖x‖2 =

(

∞
∑

n=1

‖xi‖
2

)
1

2

=>!?  A

5#3) +4$87-4$4$ 5H$;*;7;$ $&17 4%(#3&7-418$8 (4.-458.8$8 0H(+)1)E).#,? LM>N

4%(#3&7:$:$ (4.-4$58.8 "#$%&'(%# )*#+(#,-#.#$5)$ 28%41? O+)%# #%# 4%(#3&7:$

(4.-4$58.8 4D428%+81?

 #!"* %&'%'%+' F#1 [a, b] 414-8.8 ;,)1#$5) P#)74$$ #$+)014-# /41&-4$ %416

74*8% 5).)1-# K;+;$ Q&$%(#3&$-418$ &-:*+:15:.: %;7)3) R[a, b] 5#3)-#7? F:

%;7) C %4174*8% (438-41 E#(7# ;,)1#$5) K#1 /)%+H1 :,438581? F: :,43 ;,)1#$5)

f → ‖f‖
1
=

∫

b

a

|f(x)| dx =>!? RA

5H$;*;7; K#1 3418 $&17 &-:1G 474 K#1 $&17 5).#-5#1? F:$4 L
1
6 3418 $&17:

5#3)E).#,?
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"#$%#&'#( )*+, -# )* , .&/01234.$5 0('#6$.4 78#440&4#$0(9#( :#3#( 67$;4;$<
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