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  ! "#$#%&'#( )*+,(-*.*-,

#$%$&'( )'(*'& +' ,-(.-/0, -1-&$%$1 21'.&$ 3$( -(-4050(6 7$(3$(&'($1' 5'1, 8&-1

9-(,&0 3$*$.&'(5' :-10.&-1-3$&$(&'(6 7;(-5- 5$%$<$= 58>-& ?-<0&-( ,@.'?$ @%'A

($15' :-10.&0 3$( 981,?$<81 8&-(-, '&' -&-4->0%6 7; :-10.= 5$%$1$1 )'1'& :-10A

.050(6

 !"#$ %%&%&%& X 38/ 8&.-<-1 3$( ,@.' $?'= B'( σ : N→ X 981,?$<81; 3$(

5$%$5$(6

σ 101 5'>'(&'( ,@.'?$= B'( n ∈ N $*$1 σ(n) = xn 8&.-, @%'('

{xn ∈ X : n ∈ N, σ(n) = xn} ⊂ X

,@.'?$5$(6

σ(n) = xn ∈ X 2>'&'($15'1 B'( 3$($?$1' 5$%$1$1 3$( ,-./0/ 123-4/5= xn :'($A

.$15',$ n ?-<0?01- :'($.$1  !" # $"%&'%#() 5$<'4'>$%6 C'($.&'($ X ,@.'?$1'

-$: 8&5;>; $*$1= 5$%$<' X ,@.'?$15' 3$(  !"!= 5'1$&$(6

7$&$15$>$ )$3$= 5$%$ 5'5$>$.$% σ 981,?$<81;1 :-10.&0 8&.-?0 $*$1 N :-10.

,@.'?$1$1= X 5'>'(&'( ,@.'?$1$1 +' B'( n ∈ N $*$1 σ(n) = xn )215'($.

,;(-&0101 3$&$1.'?$ )'(',$(6 D<&'<?'= σ 5$%$?$ :-10.&-150>015-= 5'>'(&'( ,@A

.'?$1$ ,'?$1&$,&' 3$&$<8( 8&;(;%6 E 1'5'1&'= σ 981,?$<81;1; ?2<&'.'<' )'(',

5;<.-5-1= 5$%$<$

{xn ∈ X : n ∈ N}

3$*$.$15' )2?:'('3$&$($%6 7; )2?:'($.5' xn ?$.)'?$1$1 n → xn )215'($. ,;A

(-&010 3'&$(&'5$>$1$ +-(?-<0<8( +' σ 981,?$<81;1; <-%.0<8(;%6 #$%$1$1 :'($.&'A

($1$1 -$: 8&5;>; X ,@.'?$1$1 ,$. 8&5;>; 3$&$1$<8( +' 58&-<0?0<&- 81; -<(04-

3'&$(:.', )'(',.$<8(?-= <;,-(05-,$ )2?:'($. <'($1'

{xn : n ∈ N}

(xn)n∈N

)2?:'($.&'($15'1 B'( B-1)$ 3$($?$1$ <-%-3$&$($%6

F2?:'($.$ 5-B- 5- ,0?-&:.-, $*$1= N :-10. ,@.'?$1$ 5' )2?:'($.5'1 *0A

,-(-3$&$($%6 72<&'4'= 5$%$<$

(xn)

(x1, x2, · · · , xn, · · · )
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"#$%&'&(#)*&) +#(#,'& *& %-".&(&+#'#(#/0

12/&) *#/#3 +4.4) N *562' "2,7'2( 84$&"#)*& *&6#'3 5)9) +#( 2'. 84$&"#)*&

.2)7$'7 5'2+#'#(0 :()&6#)3

(x1, x2, · · · , xn)

%#+# ,2')7/;2 "5)'9 "2,7*2 .&(#$# 5'2) *#/#,&  !"#$ %&'& *&)#(0

{kr : r = 1, 2, 3, · · · } ⊂ N <& k1 < k2 < · · · < kr < kr+1 < · · · 5'$28

4/&(&

(xk1
, xk2

, · · · , xkr , · · · )

+#=#$#)*&8# *#/#,& (xn) *#/#"#)#) +#( (#)%&'& & *&)#(0

a ∈ X "2+#. +#( )58.2 #"&3 >&( n ∈ N #=#) xn = a 85?9'9)9 "26'2,2) (xn)
*#/#"#)&  (*&) %&'& *&)#(0

@#/#,# %-".&(&) ,982(7*28# "#$%&'&(*&) +#(#"#)# %-(*464$4/*&3 *#/#,# .2A

)7$'2,2) +#( σ : N → X B5)8"#,5)9)9) <2('767)7 2)'2(7/0 σ B5)8"#,5)9 <&A

(#'*#6#)*& σ : n → xn %-)*&(#$ 89(2'73 *#/#)#) >&( +#( xn .&(#$#)# 8&"#)'#8'&

+&'#(.#(0 :,'&,"& (xn) *#/#"# +&'#('# 5'9(0
C&("#)& 5'2(283 *#/# (xn) +#=#$#)*& <&(#'*#6#)*& σ : n→ xn %-)*&(#$ 89A

(2'7)7) +&'#('# 5'2+#'$&"# #=#)3 >&( n,m ∈ N #=#) n 6= m 5'*969)*2 xn 6= xm

5'$2'7*7(0 19 #"&3 σ )7) +#(&A+#( -(.&) 5'$2"7 *&$&8.#(0 @562' 5'2(283 +9

-/&'#6#) >&( *#/# #=#) <2('767)7 +&8'&,&$&,#/0 :()&6#)3 .&(#$'&(# xn = (−1)n

&?#.'#6#)# "26'2,2) %&(=&' .&(#$'# ((−1)n) *#/#"#)#) .&8 #)*#"'# .&(#$'&(# +#(+#(A

'&(#,'& =287?7(0 1&)/&( +#=#$*& =#B. #)*#"'# .&(#$'&(# *& +#(+#('&(#,'& =287?7(0

19 *9(9$'2(*23 *#/#,# +&'#('&,&) +#(*&) =58 B5)8"#,5) +9'9)2+#'#(0 :()&A

6#)3

σ : n→ (−1)n, n ≥ 0

δ : n→ (−1)n+1, n ≥ 1

B5)8"#,5)'2(7 2,)7 *#/#,# +&'#('&(0

+$,(%(" -./(,(0(1.2.'  !"$- 3$%$,4 @#/#,# B5)8"#,5) #'& *&6#'3 .&(#$'&(#)#

,2/2(28 %-".&(*#6#$#/*&3 5)9 +&'#('&,&) &) 2/ +#( B5)8"#,5) <2(*7(0 @#/#,#

+&'#('&,&) +9 B5)8"#,5)9) .&8 +#( .2)& 5'2+#'$&"# #=#)3 *#/#)#) .&(#$'&(#)#)

+#(+#('&(#)*&) B2(8'7 5'$2"7 %&(&8#(0

((−1)n) *#/#"#)#) R #=#)*&8# %-(4).4"4 {−1,+1} 84$&"#*#(0 D$2 +9 84$&

*#/#)#) 8&)*#"# *&6#'3 ,2')7/;2 *#/#,# +&'#('&,&) σ : n→ (−1)n B5)8"#,5)9)9)

*&6&('&( 84$&"#*#(0 19 *#/#)#) .&(#$'&(#3

{σ(0), σ(1), σ(2), σ(3), · · · , σ(n), · · · } = {+1,−1,+1,−1, · · · , (−1)n, · · · }
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"#$%&'(' )*+,-+.+./ 0+ "#$%1 -%.'$*%.'( '(2'&*%.'('( 3%*'.*%2'4' &5.676 89.%

 !" #$%!&$ 3'. "#$%2'./ :)*675&7*6 )(+ {−1,+1} "#$%&'(2%( ;6."*5 &676<645=/

>78+*6$626 2'='('( -%.'$*%.'(' '?%.%( X "#$%&' 3'. $6-%$6-'"&%* 76@5

'*% 2)(6-5*$5, )*+./ 0+ 39*#$2%1 X #=%.'(2% 3'. -)@)*)A'" 76@5 )*2+4+(+

B6.&676<645=/ 097*% 76@5(<61 8%.?%* B% "6.$6,5" &675 2'='*%.' '?'( 6(6*'=2%( '7'

3'*2'4'$'= 76"5(&6"*5" "6B.6$5(51 -)@)*)A'" +=67*6.6 8%(',*%-%3'*%<%4'=/

 !"#$ %%&%&'& (X,T ) -)@)*)A'" +=675 '?'(2% 3'. (xn) 2'='&' B%.'*&'(/ C4%.

3'. x ∈ X ()"-6&5(5( D%. W ")$,+*+4+(6 "6.,5*5"

n ≥ no ⇒ xn ∈ W E  / F

)*6<6" ,%"'*2%1 76*(5= B%.'*%( 2'='7% B% W ")$,+*+4+(6 364*5 )*6(1 3'. n0

2)46* &675&5 B6.&6 (xn) 2'='&' x '() !#$'! *!)$'#$*(% 2%('*'.1 B% "5&6<61

xn → x 76 26 lim
n→∞

xn = x E  /!F

76=5*5./ 0+ 2+.+$261 x ()"-6&5(6 (xn) 2'='&'('( &+"+ +,+%1 2%('*'./

 , -./010/ ./2.10 3,4,56 G'$'- ()"-6&5(5( D%. ")$,+*+4+1 6(<6" &)(*+

&67526&5 D6.'?1 2'='('( 8%.' "6*6( 3#-#( -%.'$*%.'(' '?%.'.H 76(' ")$,+*+4+(

25,5(26 "6*6( -%.'$*%. 6(<6" &)(*+ &6752625./ 06,"6 3'. 2%7',*%1 '(2'&*%. 3#I

7#2#"?% 2'='('( -%.'$*%.' *'$'- ()"-6&5(6 76"*6,5.*6./ J63''1 3+.626 76"*6,5$5

")$,+*+"*6. 3%*'.*%./ K)$,+*+"*6. '?I'?% "6@&6$676 89.% "#?#*2#"?% 76"*6I

,5$ 6.-6./

 !"#$ %%&%&(& (X,T ) -)@)*)A'" +=675 '?'(2% 3'. (xn) 2'='&' B%.'*&'(/ C4%.

3'. x ∈ X ()"-6&5(5( D%. W ")$,+*+4+(6 B% D%. n0 &675&5(6 "6.,5*5" xn ∈ W

)*6<6" 3'?'$2% 3'. n > n0 &675&5 B6.&6 x ()"-6&5 (xn) 2'='&'('( 3'. *$-$&"!

'() !#$,$%1 2%('*'./

./  !'$"$' !'&!"$ 0/,/%1 L545*$6 ()"-6&5(5( D%. ")$,+*+4+1 2'='('( &)(I

&+= -%.'$'(' '?%.'.H 6$6 3+(*6.5( 25,5(26 &)(&+= &67526 36,"6 -%.'$*%.'(' '?%.I

$%7%3'*'./ 0+ 2%$%"-'. "'1 7545*$6 ()"-6&5(5( 76"5(5(26 2'='('( &)(&+= -%.'$'

B6.25.1 6$6 +=645(26 "6*6(*6. 26 &)(&+= &67526 )*63'*'./

)*!+# %%&%&%& L+"6.526"'   / /M -6(5$5(6 89.%1 2'='('( *'$'- ()"-6&5 67(5

=6$6(26 2'='('( 3'. 7545*$6 ()"-6&525./ N$6 3+(+( -%.&' 2)4.+ )*$6763'*'.H

76(' 2'='('( 7545*$6 ()"-6&5 2'='('( *'$'- ()"-6&5 )*$6763'*'./
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 !"!# $%&#'() #$%&$'( )*+ *)+),"' $%&#'() #$%&$'( ,)&,)&*+&)-.+- /$&#*(.(&0

12 /$&#*(*(3( ,$4( 5&-+#*+&*+ $6(#*$7$*('0

 !"#$ %%&%&%& 8$,)9 .)4)-)- :+' *)')9) :+' 7(3(*'$ -;#9$<( %$&.(& %+ ,2

)#)<) 6$#(=(&*$&0

 !"#$% >+& n ∈ N )6)- xn = a ∈ X #;=2*2-2 <$3*$7$- (xn) <$,)9 .)4)<)

%+&)*<)-0 (X,T ) 9;?;*;@)# 24$7( )6)-.+ :+& n ∈ N )6)- xn = a ∈ X #;=2*2-2

<$3*$7$- (xn) <$,)9 .)4)<)-) .A=A-+*)'0 a -;#9$<(-(- :+& W #;'=2*232 xn =
a 9+&)'*+&)-) )6+&.)3)-.+-B  !"#$   0 0! C+&+3)-D+B xn → a .(&E 7$-) (xn)
.)4)<)-)- *)')9) a .(&0

>+& *)')9 -;#9$<( ,)& 7(3(*'$ -;#9$<( ;*.232-.$- a -;#9$<( <54#;-2<2

<$,)9 .)4)-)- ,)& 7(3(*'$ -;#9$<(.(&0

 !"#$ %%&%&'& R A4+&)-.+#) '29*$# 9;?;*;@)7+ C5&+ ( 1
n
) .)4)<)-)- *)')9) 0 .(&

%+ 0 -;#9$<( ,2 .)4)-)- ,)& 7(3(*'$ -;#9$<(.(&0

 !"#$% F&=)'+9 G2&$*( 27$&(-D$B :+& ǫ > 0 <$7(<(-$ #$&=(*(# ǫ > 1

n0

;*$D$#

,)6)'.+ ,)& n0 ∈ N .;3$* <$7(<( %$&.(&0 H :$*.+ n ≥ n0 )6)-

1

n
<

1

n0

< ǫ

;*2&0 F6(# $&$*(#*$& $)*+<) <$*9 9;?;*;@) )6)- 9$,$- ;*.232-.$-B 0 -;#9$<(-(-

,)& W #;'=2*232 )6)-B ǫ > 0 <$7(<(-( (−ǫ, ǫ) ⊂ W ;*$D$# ,)6)'.+ <+6+,)*)&)40

12 .2&2'.$

n ≥ n0 ⇒
1

n
∈ (−ǫ, ǫ) ⊂ W

;*$D$#9(&0 >+& W #;'=2*232 )6)- ,2 7$?(*$,)*+D+3)-+ C5&+

1

n
→ 0 ;*.232

<;-2D2 6(#$&0

I9+ 7$-.$- ǫ > 0 -+ #$.$& #A6A# ;*2&<$ ;*<2-B 0 .$- /$&#*( ;*$-

1

n
9+&)'J

*+&)  !"#$   0 0" 54+*)3)-) <$3*$&*$&0 I7*+7<+ 0 -;#9$<( ( 1
n
) ⊂ R $*9 #A'+<)-)-

,)& 7(3(*'$ -;#9$<(.(&0

 !"#$ %%&%&(& R A4+&)-.+#) <$*9 9;?;*;@)7+ C5&+ ((−1)n) .)4)<) 7$#(-<$#

.+3)*.)& $'$ −1 %+ +1 -;#9$*$&( 7(3(*'$ -;#9$*$&(.(&0

H*'$7$-$ +&C) 75-9+')-) #2**$-$D$3(40 K)4)-)- ,)& x *)')9)-)- ;*.232-2

%$&<$7$*('0 12 .2&2'.$ 7$ x 6= 1 .)& 7$ .$ x 6= −1 .)&0 x 6= 1 ;*.232-2

#$,2* +.)*)' Lx 6= −1 :$*) )6)- .+ ,+-4+& )=*+' 7$?(*(&M0
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1 6∈ (x − δ, x + δ) #$%&%' ()'*$+) ,*- δ > 0 .%/0.0 .)1),*$*-*23 '%,4$5652)

78-)3 +*2* /%'09.%' #$+4:4 *1*93 ,)$$* ,*- no ∈ N *1*9

n ≥ n0 ⇒ (−1)n ∈ (x− δ, x+ δ)

#$6%$0+0-; </.% n 1*=> ,*- .%/0 #$+4:49+% ,4 ,%:09>0 .%:$%96%2? +)6)' '*

@%-.%/060602 /%9$0(>0-? /%9* +*2* A*1,*- x $*6*>*9) /%'09.%6%2;

−1 .%/0.0909 A)- '#6(4$4:4 +*2*9*9 >)' *9+*.$* >)-*6$)-*9* *1)-*-; B4 >)C

-*6$)- .#9.42 .%/0+%+0-; D/$)/.)3  !"#$%   ; ;E 4/%-09&% −1 9#'>%.0 +*2*9*9

,*- /0:0$6% 9#'>%.0+0-; B)92)- #$%-%'3 +1 .%/0.0909 A)- '#6(4$4:4 +*2*9*9 1*=>

*9+*.$* >)-*6$)-*9* *1)-*-; B4 >)-*6$)- .#9.42 .%/0+%+0-; < A%$+)3 +1 9#'>%.0

+*2*9*9 ,*- /0:0$6% 9#'>%.0+0-;

 !"#$ %%&%&'& R 52)-*9+)'* .%$> >#F#$#G*/) 78-) ((−1)n+ 1

n
) +*2*.*9*9 $*6*>*

/#'>4-; H9&%' −1 *$) +1 9#'>%$%-0 ,4 +*2*9*9 /0:0$6% 9#'>%$%-0+0-;

 !"#$% B4949 '#$%/ *.F%>0 8:-)9&*/) ,0-%'0$60(>0-;

B8/$)&) %(%:0+%'* 82)$$*'$)-* )$+) )>6*( #$4/#-42;

&'()*+#,%

I*J K*2*9*9 ,*- $*6*>* @%-.%3 # $*6*> %/90 2%6%9+% ,*- /0:0$6% 9#'>%.0+0-; B4

+4-46+%3 $*6*> 9#'>%.0 *$) /0:0$6% 9#'>%.0 1%'0(0-; I,'2; D-9)'   ; ;!J

I**J K*2*9*9 /0:0$6% 9#'>%.0909 #$6%.03 # +*2*9*9 $*6*> 9#'>%.0909 +% #$6%.090

7)-)'>*-6)2 I,'2;   ; ;"J;

I***J K*2*9*9 A)6 $*6*>* A)6 +) /0:0$6% 9#'>%.0 #$6%/%,*$*-; I D-9)'L f :
n→ n2

J

I*@J K*2*9*9 $*6*>* #$6%+0:0 A%$+) /0:0$6% 9#'>%$%-0 #$%,*$*- I,'2; D-9)'

  ; ;"J

  !" #$%$&'($) *'+'(,$%&$-$

 "#!(# %%&)&%& (X,T ) &'('")' *!+#,!-',$. /01'+2$3"3 1!4,!+!" -'( 35!+
2,13" 6. -'( A ⊂ X !,7809$.1' 6.(',1'": a ∈ Ā 2,$!1# ';'" <.(.0,' 6. +.7.(,'

02=3,> a "207!1#"! +!0#"1!+!" -'( (an) ⊂ A ?'5'1'"'" 6!(,#4#?#(:
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# $ % & '( a ∈ Ā )*$+,- a ,., $&/.*&01*12 34 156154 012

V1 ⊃ V2 ⊃ · · ·Vn ⊃ · · ·

7)89+*+7*&2 '&0&,. 3&2:.2- ;07<-  !"#$" "- -!=- a ,)7'&$. A 7>84$1,1, 012

 !"!#$% &'()%*! )*:+?+,:&,@ A42 n 151, Vn ∩ A 6= ∅ :12B :)*&/.$./*& 012 an ∈
Vn ∩ A $45401*121<- CD/*4E4@ )*+9&, (an) :1<1$1,1, a /& /&7.,$&:.?. FD2>*>2-

G42$1,4 )*&2&7 an → a )*&E&7 9471*:4 012 (an) ⊂ A :1<1$1 3421*$1,- H&6

7.,$&7*.7 '&,.8. F424?1,E4@ a ,., A42 W 7)89+*+?+ 04**1 012 n0 :&, 0>/>7

1,:1$*1 an '4218*421,1 15424E47'12B /&,1 an ∈ W ∩ A )*&E&7'.2@ 71 0+ a ∈ Ā

)*8&$. :4847'12 ;07<-  !"#$"% !-"-I=-

 !"#$ %%&'&%& C12 f(X,T ) → (Y,S ) 3421*$1,- J?42 A42 (xn) ⊂ X :1<1$1

151,

xn → x⇒ f(xn)→ f(x)

)*+/)2$& f K),7$1/),+,& x ,)7'&$.,:& +,-,*.# */0.(#,+,0@ :4,1*12-

 ()*($ %%&'&%& 1/0.(#, 2.0 3'&(*, '& +,-,*.# */0.(#,+,04 %$% +,-,*.# */0.(#,

5,0 3'&(*, '&6& */0.(#, '#$%*! 7.0.($.-8

 ! " # $% f(X,T )→ (Y,S ) K),7$1/),+ a ∈ X ,)7'&$.,:& $>247*1 )*$+,

34 an → a )*&E&7 9471*:4 012 (an) ⊂ X :1<1$1 &*&*.8- (Y,S ) ')%)*)L1$1,4 FD24@
f(a) ,., A42 W 7)89+*+?+ 151,

n ≥ n0 ⇒ f(an) ∈ W

)*&E&7 9471*:4 012 n0 :)?&* $&/.$.,., 3&2*.?.,. FD$'4284*1/1<@ f K),7$1/),+ $>6

247*1 )*:+?+,:&, V = f−1(W ) 7>84$1 a ,., 012 7)89+*+?+:+2 ;07<- &"'#"$

M- - ;:==- N/$& an → a )*:+?+,:&, D/*4 012 n0 ∈ N 3&2:.2 71 n ≥ n0 )*:+6

?+,:& an ∈ V )*&E&7'.2@ 71 0+ :+2+8:& f(an) ∈ W )*+2 34 1$'4,4, ;  -!=

D<4**1?1 4*:4 4:1*12-

G4)2481, 171,E1 7.$8.,. FD$'42847 151,@ :1<1$4* $>247*1 )*:+?+ A&*:4 $>247*1
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#$%&'()$%*%*% +(,('-. '/0-&.( $.+*1* &$.2)32 450/./06

7)'28 50%-1(%8 f−1[(0, 1)] = (0, 1) &/9-'( (R,T ) *,2):%+2 2;:& $.92+:1:

(;(% f(x) = x +()- <2%:9.2%2% 5,+-=.(& #$%&'()$%* T −R '/0-&.( +-1(.+(06

 !"#!$ %%&'&'&  !" (X,T ) #$%&'  !"!()! *%&'+%,!+-. /01!&2-#(# 1%3+%&%(
,!" #$%& 4. (Y,S ) 5." 5%(6! ,!" #$%& 2+-%0 7$.".
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82(01!&2(# 4."!+1!(9 /:%3';%0! <$.+!0+." .:;.3.";!"=
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0*,6 7 D2.+- (ii) ⇒ (i) $.+*1*%* 45'<-09-& )-<-3-&<(06 E*%* $.92)2%2 -04(

)5%<-9( (.- 45'<-0-3-1(,6 a %$&<2':%:% (;C(;- @(0 V1 ⊃ V2 ⊃ · · · '2):.2@(.(0
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#$ %&'&( )&*+,+ -+'&(.&' /*&01*2+3&4 5(6*67 (an+2 = an+1 + an) 8+9+,+':&

)6';,(6'6'  !"#$%&&! :+<+2+'+' 26() )5=5(5>+-& .?*& ;*6726-6' 8+* :+<+
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an =

{

n, n ≤ n0

a, n > n0, a 268+)

/  $K4

8+9+,+':& )6';,(6'6' (an) :+<+2+$
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